An exciton beam splitter is designed and computationally implemented, offering the prospect of excitonic interferometry. Exciton interaction between propagation conduits is modeled using a coupling parameter that varies with position. In practice, this variation can be realized by a change in the distance separating conduits as would occur if they crossed at oblique angles. Two such excitonic beam splitters can be combined to comprise an excitonic analog to a Mach-Zehnder interferometer, allowing the relative phase shift between two signals to be used to tailor the output populations on each channel. In contrast to optical splitters, an excitonic signal can be coherently split among more than two channels. These ideas are computationally demonstrated within an idealized setting in which each site is idealized as a two-level system. Physical implementations include molecular and coupled cavity settings as well as combinations of these. This adds to the developing inventory of excitonic analogs to optical elements.
I. INTRODUCTION
Photon absorption by semiconductors can generate an excitation in which an electron-hole exciton will subsequently propagate 1 . Since the footprint and speed of such packets can be modified by structuring the medium as well as through external control, excitonic circuits can be designed to manipulate both packet information and energy content 2 . Excitons can interact with each other and their constituents can dissociate, adding an additional degree of richness to the dynamics 2,3 . Since it is possible to convert back and forth between electromagnetic and excitonic manifestations, excitonic logic is a promising facet of opto-electronic systems. This motivates an ongoing effort to develop excitonic analogs to key optical processing components. It is also a rich new arena for fundamental studies of quantum correlation.
Perhaps one of the most useful pieces of optical hardware is the beam splitter, which can be manifested classically as a semi-reflecting, lossless mirror 4 . From a circuit perspective, this amounts to a four-port element with output channels that are a linear combination of the two inputs. This enables interferometric measurements between two channels, a mainstay of optical sensing technologies. Optoexcitonic circuits can be used to implement solid state qubits and quantum logic gates 5, 6 . Moreover, coupled excitonic sites have broad application for quantum communication as they can function as Heisenberg spin chain systems [7] [8] [9] [10] . Beam splitters are also essential to many quantum information processing protocols such as quantum teleportation schemes, dense quantum coding, and entanglement distillation [11] [12] [13] [14] . At a more fundamental level, beam splitters lie at the heart of studies at the foundations of quantum theory-e.g. "which-path" investigations, EPR paradox violations, and the complementarity principle [15] [16] [17] . The design of an excitonic beam splitter, coupled with already existing excitonic component analogs, allows for an investigation of many of these protocols and experiments in a non-optical setting 18, 19 .
Due to the bosonic nature of excitons, generating Bose-Einstein condensates within solid-state systems and within indirect exciton gases is of interest. Exciton coherence has been investigated via photoexcitation and subsequent interferometric measurements on the light ultimately emitted 20, 21 . However, interferometric confirmation of the spontaneous coherence of excitons has been shown to be reproducible as an effect of imaging partially coherent light while only taking into account the spatial distributions characteristic of the samples 22 . This demonstrates a flaw in using photonic interferometry to categorize excitonic coherence in the case of condensate systems.
It is therefore desirable to construct an analog to the optical beam splitter that can allow for direct interferometric sensing of excitonic wave-packets. A simple means of accomplishing this is to arrange two excitonic conduits so that they experience a degree of coupling over a limited spatial extent. This is illustrated in Figure 1 , where each channel has a constant inter-site coupling, τ , but there is also site-dependent inter-channel coupling, χ n . The individual channels can be idealized as being composed of discrete sites (n (j) , j = 1, 2), where excitons are localized to a site and the electron-hole pairs remain bound as quasi-particles-i.e. Frenkel excitons 23 . Here a variation in the inter-channel coupling corresponds to an alteration in the spatial separation between the two channels or to the case where the two channels cross at an oblique angle. This inductive design for an excitonic beam splitter is analogous to experimental realizations of waveguide photonic beam splitters that rely on optical tunneling 24, 25 .
The beam splitting character of this excitonic circuit element can be explored using a discrete tight-binding model. In that setting, it is straightforward to computationally analyze the dynamics of impinging excitonic packets because the Schrödinger equation can be expressed as a set of coupled ordinary differential equa-arXiv:1910.08437v1 [quant-ph] 18 Oct 2019
Channel 2 Channel 1 n (2) n (2) +1 n (2) +2 n (2) -2 n (2) -1 n (1) n (1) +1 n (1) +2 n (1) -2 n (1) -1 tions. In the simplest case, a single exciton packet can be made to oscillate between the two channels with an associated Rabi oscillation frequency. By adjusting the spatial footprint of the inter-channel coupling parameter, a 50/50 beam splitter can be realized. Two such beam splitters can then combined to produce a Mach-Zehnder interferometer.
In Section II, we formulate the tight-binding model used to explore the excitonic dynamics. Section III explains the mechanism of excitonic population transfer between the two conduit channels while Section IV uses the inter-channel oscillation to develop an excitonic beam splitter analogous to its optical counterpart. The beam splitter is then computationally simulated and shown to have the expected phase-shift properties 4, 26 . In Section V, we use the Hamiltonian formulation of the beam splitter to computationally simulate a Mach-Zehnder interferometer and reproduce the population output associated with excitonic wave-packet interference.
II. TIGHT-BINDING MODEL
Consider a pair of identical one-dimensional lattices for which each site supports a single excited state. The associated Hamiltonian is then:
(1)
The first term,Ĥ
accounts for the energy, ∆, of each site, j, on channel ν. Hereĉ ν † j is the creation operator for an exciton on site j of channel ν, and Bosonic commutation relations are obeyed:
OperatorsĤ 1 andĤ 2 characterize the intra-chain hopping (delocalization) energies of each channel:
The last component of the Hamiltonian in Equation 1 allows for symmetric exciton hopping between the two channels:Ĥ
As with intrachain hopping, this is local in the sense that sites must be facing each other to interact, but here the hopping parameters, χ n , are now functions of position.
For the sake of analytical convenience, assume that both channels have periodic boundary conditions, as shown in Figure 2 . In the absence of any inter-channel coupling, each channel then obeys a simple dispersion relation,
where k j ≡ 2πj N a are the N possible wavenumbers, ω j are the associated temporal frequencies, and a is the site spacing. This allows wave packets to be constructed from periodic eigenstates, endowed with a well-defined group velocity, and analyzed in the absence of boundary effects. The packet speed (group velocity) is given by
Assume that the state of the system is an evolving, normalized superposition of excited states that collectively represent the result of a single excitation: 
with an analogous, coupled set for Channel 2.
III. OSCILLATION BETWEEN CHANNELS
A wave packet that is initially traveling along Channel 1 will undergo a collective population oscillation between the channels as it propagates. This can be illustrated by turning on a uniform inter-channel interaction with an exponential switch:
The initial condition is taken to be a Gaussian wave packet moving to the right that is initially on Channel 1:
Here σ is the standard deviation of the packet footprint, j 0 gives its position, and k 0 is a specified central wavenumber that controls the packet speed, Equation 6 .
The results are shown in Figure 3 , where it is clear that the exciton packet is transferred back and forth between channels as it moves. This rate of population transfer can be wellapproximated by considering inter-channel dynamics in the absence of population flux from the left and right neighbors. A pair of ordinary differential equations then idealizes the transfer dynamics:
where u 1 and u 2 are the time-varying amplitudes on each channel. If the packet starts on Channel 1, then u 1 (t) = Cos[χt] and u 2 (t) = −Sin[χt]. The populations thus cycle with a period of T = π/χ, in excellent agreement with the results of Figure 3 once the oscillatory motion is established. This will be a good approximation provided that the net intra-channel population flux is much smaller than the flux between channels. The accuracy of this approximation therefore increases with the width of the packet and is inversely proportional to its speed.
In contrast to its optical counterpart, the excitonic beam splitter can involve more than two channels. If there are N daughter channels, each with identical coupling to the parent channel and without coupling to each other, an extension of the analysis above shows that all N + 1 channels will have equal populations at For instance, 3-channel beam-splitting could be carried out by having two daughter channels cross the parent channel at oblique angles of opposite sign from above and below.
IV. BEAM-SPLITTING
The uniform, temporal, exponential switch is next replaced by an inter-channel coupling that is static in time and varies with position with a Gaussian distribution:
Here σ χ controls the spatial extent of the region in which the coupling exists. At issue is how to structure this inter-channel coupling so that 50% of the population is transferred. The previous analysis of simple oscillation between two sites indicates that the populations are first equal to each other at t = T /4. At that moment, u 1 (T /4) = 1/ √ 2 and u 2 (T /4) = −ı/ √ 2 = e −ıπ/2 u 1 (T /4). This implies that a region in which the coupling, χ, is constant will need to be of width
. Such a sharply demarcated domain will result in the generation of reflections at either end though. This can be circumvented by noting that the system linearity only requires that the spatial integration of the function, ρ(x), representing the coupling density be equal to
. Assuming a Gaussian coupling density with standard deviation σ χ ,
a 50/50 beam division will occur provided ∞ −∞ dx ρ(x) = Lχ. This implies that the Gaussian footprint of the coupling must have the following standard deviation:
The simple analysis of population oscillation also indicates that such a beam splitting process will result in a phase shift of −π/2 on Channel 2. This strategy for inductively splitting an excitonic wave packet is essentially the same as that originally employed to transfer excited state energy from ammonia molecules in an microwave cavity for masers 27 . The approach is computationally shown in Figure 4 , where a Gaussian wave packet on Channel 1 is divided into two identical packets. A quantitative comparison of the resulting packets is obtained by phase shifting the second one by π/2 and subtracting it from the first. This is shown in Figure 5 . A Gaussian packet on Channel 1 moves into a region in which there is coupling between the channels. As a result, the packet splits into two identical packets that are phase shifted by π/2. The green and red curves show the real part of the quantum amplitudes on each channel, while the solid gray enveloping curves give the associated magnitude of the difference. The coupling between channels, shown as a filled gray shape, is static and has a spatial distribution centered at N/2. The associated parameters are: σ = 20a, χ0 = τ /10, σχ = 5.07a, k0a = 5.34, and ∆ = 0.
As in the 50/50 dielectric optical beam splitter 4,26 , there is a π/2 phase shift between the channel packets. Interestingly, it is the Schrödinger equation, and not the Fresnel coefficients derived from Maxwell's equations, that are the source of this shift for excitons. Figure 4 are plotted as the difference between the two channels, with the Channel 2 data pre-multiplied by a factor of e ıπ/2 . The magenta curve shows the real part of this amplitude difference, while the solid gray enveloping curves give the associated magnitude of the difference. The coupling between channels, shown as a filled gray shape, is static and has a spatial distribution centered at N/2.
V. MACH-ZEHNDER INTERFEROMETER
Optical experiments often involve interferometric measurements between two beams of light by using a beam splitter in which the input channels are allowed to interfere. The simplest case of this amounts to a time reversal of the beam splitter operation of Figure 4 in which two beams that are identical, except that the Channel 2 packet is phase shifted by −π/2, combine destructively on one line and constructively on the other. This is demonstrated in Figure 6 and simulates the effect of sending a Channel 1 packet through a sequence of two beam splitters resulting in a complete transfer of population to Channel 2. The result suggests that the introduction of a phase shift on one leg could be used as a basis for carrying out excitonic interferometry experiments.
Indeed, an excitonic version of the Mach-Zehnder interferometer 28, 29 can be constructed by sequentially combining the beam splitters of Identical Gaussian packets, that differ only in that the signal of Channel 2 is phase shifted by −π/2 phase shift, move into a region in which there is coupling between the channels. As a result, the packets interfere constructively on Channel 1 and destructively on Channel 2. This amounts to an annihilation of the packet on Channel 2. The green and red curves show the real part of the quantum amplitudes on each channel, while the solid gray enveloping curves give the associated magnitude of the difference. The coupling between channels, shown as a filled gray shape, is static and has a spatial distribution centered at N/2. The associated parameters are: σ = 20a, χ0 = τ /10, σχ = 5.07a, k0a = 5.34, and ∆ = 0.
VI. DISCUSSION
Exciton wave packets can be induced to travel down conduits due to intra-channel coupling between neighboring sites, but they can also be transferred between such conduits where there also exists a spatially-dependent inter-channel coupling. In actual implementations, this can be as simple as varying the separation between the conduits. Within a tight-binding setting, it has been demonstrated that fabricating inter-channel coupling with a Gaussian spatial distribution amounts to an inductive excitonic beam splitter analogous to its optical counterpart. Unlike in the case of a simple optical beam splitter, it is possible to design multi-channel excitonic beam splitters.
An immediate extension of this design philosophy results in a Mach-Zehnder interferometer, enabling excitonic interferometry experiments. As just one example, the combination of the interferometer with a pre-viously designed excitonic version of spontaneous parametric downconversion 18 makes it possible to carry out an excitonic version of delayed-choice quantum erasure.
A number of simplifying assumptions were made that idealize the physical setting in which excitonic components are most likely to be realized. In order to focus on beam-splitting character, the model assumes that exci- tonic wavepackets are not coupled to their environmente.g. to phonons in the system 2 . If such coupling were to be taken into account, it would be possible to explore entanglement between excitons in the presence of dephasing 23 .
Another simplifying assumption is that the tightbinding model takes each exciton to be localized at a single site-i.e. an assumption of Frenkel excitons as opposed to spatially diffuse Wannier-Mott excitons. It is further assumed that the exciton binding energy is sufficiently high that the excitons do not disassociate into constituent electrons and holes. Finally, only nearestneighbor interactions are considered.
The exciton beam splitter can be experimentally realized in a number of manifestations. For instance, the channels could be molecular chains with each link exhibiting weak coupling to its neighbors and an energy structure with the first excited state widely separated from higher energy levels. A second possible manifestation would be to realize each site as an optical cavity likewise coupled to its neighbors.
